One of the following statements is true and one is false.

SCORE: ___ /18PTS
State clearly which statement is false, show that it is false, then write a formal proof for the true statement.
[a] The set of irrational numbers is closed under multiplication.
[b]

If the sum of two integers is odd, then exactly one of the integersis odd. Voo L) 70 S Ay 1 cALsE !
. i 2 (2) Mp. ProVIDE THIS ExpmpPLE
[a] is false. For example, -\/5 is irrational, but \/5 X \/5 =2 = — is not irrational. ~ : —_—
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[b] is true. There are two possible solutions, depending on whether you used contraposition or contradiction.

SOLUTION 1: i&if GRADE AGCHAINST ONLY i SOV O DJ\/

CONTRAPOSITIVE:

)

For all integers x and ), if it is not the case that exactly one of X and y is odd,
then x + y is not odd.

PROOF BY CONTRAPOSITION: @

\ Let x and y be particular but arbitrary chosen integers if,uch that|it is not the case that exactly one of x and y is odd.

-

So,\eithe_r both x and y are odd, or neither x nor y are odd. I

CASE I: Both x and y are odd

|
So, X = 2m+1and y =2n+1 for some integers m and 7, by definition of odd j©

t X+y= 2(m+n+1)I where m +n +1 € Z by the closure of Z under + l@
x + )y is even by definition of even @

@, (X +y isnot odd by Parity Property _'@

CASE 2: Neither x nor y are odd

2
So,[both X and y are even by Parityg’i;)pert)ﬁ

| i
So,\ x=2m and y =2n for some integers m QJ by definition of even, *
\ x+y=2m +i)1 where, m + 1 € Z by the closure of Z under + l@

@\x + ) iseven by, definition of even J®

So, X + y isnot oqq by Parity Property Q

®\So,x+yisnotocﬂJ (‘))

Therefore,‘ By contraposition‘ i‘f the sum of two integers is odd, then exactly one of the integers is odd @
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SOLUTION 2:
PROOF BY CONTRADICTION:

| Suppose not, that is, suppose there are integers X and y suchthat x + » is odd, i

but it is not the case that exactly one of X and y is odd.

1
So,|either both x and y are odd, or neither X nor y are odd. J @

CASE I: Both x and y are odd

| Y
So, , =2m+1 and y =2n+1 for some m, n eZ,byidefmition of oddj@

@)\ x+y=2(m+n+l) where, m + 1 + 1 € Z by the closure of Z under + j®

E%lx + y is even by,definition of evei,@
2

CASE 2: Neither x nor y are odd
AN
Sogzgtg x and y are even by Parity Propertyj@

54
]

™
@g =2m and y =2n for some m, n eZ' by definition of eveniCz/

'i\’ x + y = 2(m + n), where m + n € Z by the closure of Z under + ('
\ (It |

~
S@ + y is even by definition of even .@ MUST STATE FULL—
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So%c + y isodd and x + ) is even (contradictiogof Parity Property) i?:ﬁ’?\z T ’ \THE STATI E:W?E):f)
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Therefi Q{‘by contradiction, if the sum of two integers is odd, then exactly one of the integers is odd | @
‘/) \




Find the values of (=39) div 11 and (—39) mod 11. SCORE: /4 PTS
Justify your answers VERY briefly. You do NOT need to write a proof.

Cu . (=39) div 11=—4jand (-39) mod 11=35| O)
since|—39 = -4 x11+ 35 C{/)




Write the Quotlent Rem ﬁer Theorem (lsxmbohcallx O O SCORE: /4 PTS
I
| ‘v’n € Z, |

{\3!¢reZ:) |n=dg+r|[A||0sr<d|




Fill in the blank with the value that makes the statement true, then write a formal proof of the resulting statement. SCORE: /9 PTS

“For all integers 7, if # mod 3 = 2, then (n2 —-6) mod 3=1" ML ITEMR @ PoOINT
PROOF: UNLESS sTHERL)SE
LoTED

A Let 1 be a particular but arbitrary chosen integ_elj suc_lh that » mod 3=2.

So, n = 3g +2 forsome g € % by, definition of mod.,

@ -6 = 9¢°+12¢g-2 = 3(3q2+4q—1)+1_‘wher,f:3q2+4q—leZbyclosureonunderxand +1

So, l(n2 —6) mod 3 =1 by definition of mod. ,
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